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Elongational flow experiments with viscous polymeric materials were 
conducted at  a constant elongation rate on a modified tensile testing ma- 
chine. Steady elongational and shear viscosity data and elongational stress 
growth data are presented for an isobutylene-isoprene copolymer at 100OC. 
S-shaped elongational stress growth curves are reported for cis-1,4-polyiso- 
prene at 80°C. 

The stresses necessary to maintain a cylindrical specimen in steady elon- 
gational flow are indicated by a calculation which includes the effects of 
inertia, gravity, and interfacial tension. 

Interrelations among several elongational flow material functions are 
given for a constitutive equation based on the theory of linear viscoelasticity. 

SCOPE 

A great deal of effort has been devoted to the study 
of polymeric materials in shear flow, but until recently 
relatively little research has been done on these materials 
in elongational flow. This lack of research may be at- 
tributed more to the relative difficulty of conducting large- 
strain elongational flow experiments than to their lack of 
relevance. To the process engineer, elongational flow and 
the related flow, biaxial elongation, are of interest because 

they occur in such industrial processes as spinning, extru- 
sion take-off, vacuum forming, and convergent flow in a 
die entry. Elongational flow data provide the theoretician 
with a discriminating new test for models and theories. 

This paper presents the experimental techniques and 
results for elongational flow experiments conducted with 
two high viscosity polymeric materials at a constant elon- 
gation rate. 

CONCLUSIONS AND SIGNIFICANCE 

In a series of elongational flow experiments with two 
high-viscosity polymeric materials, tapered cylindrical 
specimens were stretched at a constant elongation rate on 
a modified tensile testing machine. 

For an isobutylene-isoprene copolymer at 100°C. the 
steady elongational viscosity is equal to three times the 
zero-shear-rate viscosity at all experimental elongation 
rates. For this material the elongational stress as a function 
of time apparently increases monotonically to a steady 
state value. 

The elongational stress-strain curves for cis-l,4-poly- 

isoprene at 80°C. are S-shaped and: therefore the steady 
state elongational viscosity does not ex;;*. 

Both of the types of behavior described above have 
been observed by other investigators for various materials. 

A solution of the stress equations of motion for elonga- 
tional flow shows that the effects of gravity, inertia, and 
interfacial tension are negligible in the experiments con- 
ducted by the author. 

A series of interrelations among elongational flow mate- 
rial functions based on the theory of linear viscoelasticity 
suggests possible correlations for experimental data and 
limiting predictions for models. 

TERMINOLOGY 

Typical relations between elongational stress and strain 
rate are outlined in Figure 1 for elongation experiments 
characterized by constant elongation rate, constant elonga- 
tional stress, and a small instantaneous elongational strain. 

In a constant elongation rate experiment the steady 
elongational viscosity (1 ) is given by 
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where wzz and w,, are the steady state axial and radial 
components of the total stress that are necessary to stretch 
a cylindrical specimen at a constant elongation rate. The 
difference nZz - 7rTr is dependent on the elongation rate. 

As shown by a calculation in Appendix A, when the 
effects of gravity, inertia, and interfacial tension are con- 
sidered, the steady state values of the stresses r fZ and rr,. 
individually vary with the coordinates z and r,  the radius 
of the specimen R and the elongation rate 7. Ideally, to 
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a k t a h L t  0 0 

constant elongation rate experiments 

-Kz1 o-/t%tq -t 
strain growth recoil 

constant elongat ional stress experiments 

(limit two> 
instantaneous elongation experiment 

Fig. 1. Elongational flow experiments characterized by constant 
elongation rote a t  t > 0, constant elongational stress a t  t > 0, and 
instantaneous elongation. The behavior of materials for which the 
elongational stress-strain curve attains steady state in constant 
elongation rate experiments is shown by (--) whereas the be- 
havior o f  materials with an S-shaped elongational stress-strain curve 

in constant elongation rate experiments is shown by (---I. 

maintain a cylindrical specimen in steady elongational flow 
it is necessary to provide along the cylindrical boundary 
an external radial normal stress which has a nonlinear de- 
pendence on z and R. Rut in an experiment the only 
external radial noimal stress that can be applied to the 
specimen rer,. is the hydrostatic pressure which varies 
linearly with the z coordinate. However, as shown in Ap- 
pendix A for experiments conducted with high viscosity 
polymers immersed in a liquid of comparable density, the 
difference between the radial normal stress necessary to 
maintain elongational flow rrr and the experimentally ap- 
plicable radial normal stress rPrr is small compared to the 
elongational stress rz2 - r e r r .  Similarly, during elongational 
stress growth experiments the difference between the radial 
normal stresses rrrG and re+? is small compared to the 
elongational stress during stress growth rZZG - rerT except 
at the low stress levels at the beginning of the experiment. 

The stresses which can be applied experimentally there- 
fore are sufficient to stretch the specimen at an elongation 
rate that is very nearly constant along the monitored por- 
tion of the specimen. Furthermore, the contributions of 
gravity, inertia, and interfacial tension to the measured 
tensile force are so small in the monitored portion of the 
specimen that they can be neglected in the calculation of 
the elongational stress and elongational viscosity. 

In the remainder of this paper with the exception of 
Appendix A the term nZZG - rrrG will be referred to as 

The total elongational strain at the end of a constant 
elongation rate experiment y,,, can be divided into a re- 
coverable component ?, and an irrecoverable component 
Ti. The values of these strains are given by 

=ZZG (7, t ) *  

where Lo is the initial length of the monitored section of 
the specimen. L ,  is its maximum strained length, and Li 
is its final length after recoil. During a constant elongation 
rate experiment, the length of the specimen L and the 
total elongational strain 7 vary with time in the following 
manner: 

In the constant elongation stress experiment, a constant 
stress rZzo is applied to the specimen and the elongational 
strain is monitored. For this type of experiment Cogs- 
well ( 2 )  defined the elastic strain ye as the intercept ob- 
tained by extrapolating the linear portion of the elonga- 
tional strain versus time curve to zero time. 

In the third type of experiment the relaxing stress 
rzz( E, t )  is measured following a small, elongational strain 
of magnitude c applied over a short time interval tl. 
The data from this experiment are usually reported as 
relaxation modulus E,( t )  ( 3 )  versus time where 

and 

L m - L o  - 
E =  N ym (small E) 

LO 

A constitutive equation based on the theory of linear 
viscoelasticity gives the following relation among the ma- 
terial functions discussed in this section. 

JOm ( r z z ( ? )  - T Z Z G  (6 t ) )  dt - - 
Y r  - Y e  - ---- 

nZZ(Y)  

E,.:) t dt 

(9) - - som E r ( t )  d t  

This relation is derived in Appendix B and is valid in the 
limit as XI$ and E approach zero where A1 is the longest 
relaxation time for the fluid. 

PREVIOUS EXPERIMENTAL WORK 

Ballman ( 4 )  in 1965 measured the elongational viscosity 
of atactic polystyrene melt in a series of constant elonga- 
tion rate experiments. Table 1 gives a summary of the 
experimental results obtained by Ballman and the other 
investigators mentioned below. 

Vinogradov and co-workers (5  to 8) have measured the 
elongational viscosity and recoverable and irrecoverable 
components of the elongational strain for polyisobutylene 
and atactic polystyrene. For the atactic polystyrene they 
also obtained stress relaxation versus time curves for 
various values of 7,. In their experiments the specimen, 
an extruded rod which floated on a liquid bath, was 
elongated at a constant elongation rate by a testing ma- 
chine controlled by an electronic programming device. 

At low elongation rates the elongational viscosity for 
both polyisobutylene and atactic polystyrene was reported 
to be equal to three times the zero-shear-rate viscosity. 
At the highest elongation rates investigated for poly- 
isobutylene at 22°C. and for intermediate elongation rates 
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for polystyrene, the elongational viscosity was reported to 
increase with increasing elongation rate. At the highest 
elongation rates investigated for polystyrene the elonga- 
tional stress did not attain a steady state value. 

For polyisobutylene the recoverable strain increased 
monotonically with time to a steady state value at all 
elongation rates for which data were reported, but for 
polystyrene the recoverable strain attained a steady state 
value only at low elongation rates. 

Meissner (9, 10) has constructed a novel extensional 
rheometer and measured the elongational viscosity and 
recoverable strain of low density polyethylene. In Meiss- 
ner's experiment, the specimen was clamped between two 
pairs of gears which rotated at a constant angular velocity. 
The portion of the specimen remaining between the two 
pairs of gears was stretched at a constant elongation rate. 

Meissner reported that the elongational stress-strain 
curves for low density polyethylene are S-shaped for 
elongation rates ranging from 1 s-1 down to at least 
0.002 s - l .  By plotting the elongational viscosity during 
stress growth ;ic ($,t) versus time, Meissner demonstrated 
that for a total elongational strain 7 < 1, the elongational 
viscosity data for various elongation rates superpose and 
that the superposed elongational viscosity data nearly 
coincide with a curve representing three times the shear 
viscosity during shear stress growth at low shear rates. 

Cogswell (2, 1 1  ) has constructed a constant stress 
rheometer to carry out elongational flow experiments 
under the condition of constant elongational stress. In a 
constant stress experiment with materials which utimately 
attain steady state flow conditions, the total elongational 
strain initially increases rapidly with time but eventually 

TABLE 1. SUMMARY OF ELONGAllONAL VISCOSITY DATA 

Investigator 
& references 

Ballman ( 4 )  

Radushkevich, 
Fikhman, & 
Vinogradov 
( .5 to 8 ) 

hleissner (9,10) 

Cogswell ( 2 , 1 1 )  

Stevenson ( 1 3 )  

5 Ia terial/ 
molecular 

weight 

atactic 
polystyrene 
M u  = 3.2 X 10' 
11, = 1.3 x 105 
polyisobutylene 
11, = 7.0 x 104 

atactic 
polystyrene 

low density 
polyethylene 

JI, = 1.7 x 1@ 
polymethyl- 
methacry late 
low density 
polyethylene 
polyisobu tylene- 
isoprene copolymer 

cis-1,4-polyisoprene 

$fv = 3.0 x 105 

M~ = 4.8 x 105 

$1, = 3.5 x 105 

Zero- 
Tempera- shear-rate - Behavior of Behavior of 

trire, viscosity, elongational viscosity recoverable strain 
"C. poise q o  SVC SVD SWPL SVC SVD SVPL 

- 22 1.0 x 107 3.16 C C I S S 
40 2.8 x lo6 2.76 C C 
60 -7.3 x 105 3.03 C C 

- - - - 
- - - - 

130 -8 x lo7 -3 c I-u u s s-u - 

150 5.0 x 105 - 2 U u3 U U 3,1 

- - - - 190 1.0 x 108 3.2 C 5 

130 5.0 x 106 2.6 - 

80 3.8 x l o 7  2.84 C C 
100 8.0 x 106 2.91 C C 

80 ,108 - U (no  shear - - - 

- - - I 5 

- - - - 
- - - - 

viscosity data) 

1. Since the reported strain rates for elongational viscosity data and shear viscosity data did not overlap, this result is based on a reasonable extrapo- 
lation of the shear viscosity data. 

2. At the lowest experimental elongation rate, the elongational viscosity apparently attained a time-independent value, but the recoverable elonga- 
tional strain was still time-dependent. 

3. Since a complete shear viscosity c u n e  was not reported, it is not possible to be certain that the highest elongation rates are in the SVPL 
group. 

4. At the highest experimental elongation rates, the recoverable strain approached a time-independent value, but the elongational stress was time- 
dependent and ultimately began to decrease with increasing time (or strain). 

6. A convergent flow experiment which required many questionable nssumptions in the data analysis showed that the elongational viscosity is 
independent of elongation rate in this elongation rate group. 

This table gives a qualitative comparison of elongational flow behavior for several materials by referring the behavior of the material in 
elongational flow to i ts  behavior i n  shear flaw. 

For the purposes of this comparison, shear rates are divided into three groups characterized by the behavior of the shear viscosity. 
These groups are designated: SVC (shear viscosity constant), shear rates a t  which the shear viscosity is constant; SVD (shear viscosity 
decreasing), shear rates a t  which the shear viscosity i s  decreasing bu t  not yet in the power-law region; and SVPL (power-law shear vis- 
cosity), shear rates i n  the power-law region. 

The behavior of the elongational viscosity versus elongation rate curve i s  determined for three groups of elongation rates which cor- 
respond i n  numerical value to the three shear rate groups. The behavior o f  the elongational viscosity curve for each group of elonga- 
tion rates can be approximately characterized as: C (constant), elongational viscosity independent o f  elongation rate; / (increasing), 
elangational viscosity increases with increasing elongation rate; D (decreasing), elongational viscosity decreases with increasing elon- 
gation rate; or U (unsteady), elongational viscosity during stress growth i s  not approaching steady state a t  the maximum experimental strain. 

The recoverable elongational strain 7,. versus total elongational strain 5 curve for a group of elongation rates can generally be char- 
acterized as: 5 (steady), recoverable elongational strain attains a steady stote value; or U (unsteady), recoverable elongational strain 
does not attain a steady state value. 
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increases linearly with time at a rate equal to the elonga- 
tion rate. 

The results of the  constant stress rheometer experiments 
indicate that the elongational viscosity for polymethyl- 
methacrylate a t  190°C. is constant u p  to elongational 
stresses equal in magnitude to shear stresses for which 
the shear viscosity is decreasing. For  low density poly- 
ethylene at  130°C. Cogswell reported that the elonga- 
tional viscosity increases with increasing elongational stress 
a t  stresses which are comparable in magnitude to shear 
stresses a t  which the shear viscosity is decreasing. 

Although Meissner and Cogswell worked at  different 
temperatures and probably with different molecular weight 
samples of low density polyethylene, it should be noted 
that they reported two distinctly different types of be- 
havior for this material in elongational flow. 

EXPERIMENTAL MATERIALS, APPARATUS, 
AND PROCEDURES 

The properties of the materials used in the elongation experi. 
ments tlescribed in this section are summarized in Table 1 
under Stevenson's experiments. The isobutylene-isoprene co- 
polymer is Bntyl 035 which is made by the Enjay Chemical 
Company. Its composition is about 97 mole % isobutylene 
and 3 inole % isoprene. The cis-1,4-polyisoprene polymer is 
Natsyn 410 and is made by the Goodyear Tire and Rubber 
Company. 

A schematic diagram of the elongational flow equipment is 
given in Figure 2. In the course of an experiment, the speci- 
men was placed inside the constant temperature chamber 
which was then mounted on a variable speed testing machine. 
The testing machine was controlled by an analog computer. 
A light jewelry chain connected the specimen to the load cell 
which recorded the force necessary to elongate the specimen. 
Iluring an experiment the length of the monitored portion of 
the specimen was recorded by a 35 mm camera. The force 
and specimen length data as functions of time were then 
analyzed to give the elongational stress as a function of time. 

The experimental specimens were prepared in tapered plas- 
tic molds provided by the Thiokol Chemical Company ( 1 2 )  
and especially modified for large-strain elongation experiments. 
The modified niolcls produced a specimen 9 cni in length which 
tapered from a diameter of 1.75 cm on the ends to a region 
with a constant diameter of 1.33 cm in the central portion of 
the specimen. The ends of the polymer specimen naturally 
adhered to hard rubber faucet washers which were used to 
attach the specimen to the equipment. The strain in the speci- 
men was monitored by photographically recording the dis- 
placement between 5-11im wide grid marks which were made 
by a felt tip pen and placed 5 nim apart in the central portion 

LOAD CELL 

- SPECIMEN 
O I L - F I L L E D  

CYL I NDER 

Fig. 2. Schematic diagram of  elongational flow apparatus. 

of the specimen. Shorter specimens 6 cm in length were used 
lor the high elongation rate experiments in order to increase 
the maximum strain experimentally attainable. 

Xlinimizing temperature variations around the specimen was 
accomplished by immersing the specimen in a stirred silicone 
oil bath situated inside the constant temperature chamber. 
The h e  of the specimen holder contained a mechanical 
stirrer which when rotated at 1100 rev./min. reduced the 
vertical temperature gradient within the silicone oil bath to 
less than 0.1"C. Inside the constant temperature chamber, air 
was heated by an adjustable 500 W continuous heater and a 
100 W intermittent heater and was circulated around the 
silicone oil bath by a 150 W squirrel cage blower. Since the 
silicone oil and the polymer specimen were nearly the same 
density, the effect of gravity on the experiment was very small. 

The voltage output from the analog computer was deter- 
mined so that the monitored section of the speciinen elongated 
at a constant elongation rate. The form of the voltage function 
was determined experimentally to be 

where E is the voltage, t is the time, Eo is the initial voltage, 
and Ri and C, are the resistance and capacitance connected to 
the ith amplifier. The values of Eo and of the ratio RICl/R2C2 
depend on the size of the specimen and the elongation rate. 

The elongation experiments were carried out on a MB 
model TM6 Universal Testing Machine made by LIB Elec- 
tronics, Textron Electronics, Inc., New Haven, Conn. The 
hydraulically driven movable table on the machine was con- 
trolled by a closed loop servo system and had a maxiniuni 
displacement of 30 cm. 

The tensile force necessary to strain the specimen at a con- 
stant elongation rate was measured by a Statham Universal 
Transducing Cell and Load Cell Assembly. 

The shear viscosity results were obtained on a Slodel R-16 
Weissenberg Rheogoniometer made by Farol Research Engi- 
neers, Ltd., Bognor Regis, England. For work with polymer 
melts, the minimum shear rate obtainable was reduced to 
8.52 x 10-6 s-1 by replacing the 1,800 rev./min. synchronoiis 
motor with a variable speed motor set to operate at 18 rev./min. 
Temperature control on the Rheogoniometer was improved b!, 
replacing the standard on-off controller with a VersaTherm 
Model 2156 Proportional .Electronic Controller. The experi- 
mental equipment is described in greater detail elsewhere ( 1 3 ) .  

EXPERIMENTAL RESULTS 

For a constant elongation rate experiment the mea- 
sured values of the tensile force and the length of the 
monitored section of the specimen ( the 5 mm section 
between grid marks) as functions of time were analyzed 
in the following way: 

1. The  elongation rate was defined as the slope of a 
least-mean square fit of the logarithm of the monitored 
section length versus time curve. In certain experiments, 
measurements of the monitored section length deviated 
from constant elongation rate conditions at  low strains. 
These measurements were deleted from the analysis to 
avoid biasing the steady state results a t  large strains. 

2. SmaIl corrections for the specimen weight and 
thermal expansion were applied to the tensile force 
measurements which were then divided by  the cross- 
sectional area to give the elongational stress during stress 
growth n r t c ( ~ ,  t ) .  The volume of the specimen was as- 
sumed to be constant. 

The steady elongational viscosity ;i( $ ) was calculated 
by dividing the steady state elongational stress rTS( $ ) by 
the  elongation rate. 
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I o 8 l  

Fig. 3. Steady elongational and shear viscosity data for Butyl 035 a t  
100°C. The ordinate is the square root of the second invariant of 
the rate-of-strain tensor. A Elongational viscosity; A Elongational 
viscosity (extrapolated elongational stress); Shear viscosity (steady 

shear experiment); 0 Shear viscosity (oscillatory experiment). 

- 1 I  2 

Y t  
OO 

Fig. 4. Elongational stress versus strain for 
Butyl 035 a t  100°C. (low elongation rates). 
Symbols represent elongation rates as indi- 
cated: 0 2.85 x 
s-l; A 2.82 X s-l. Note that  the 

elongational stress attains steady state. 

s-l; 0 1.48 x 

The steady shear viscosity data at the higher shear rates 
were obtained from complex shear viscosity data by use 
of the Cox-Merz (14) empirical relation 

d r 1 = I.?"(o)l o=i. (12) 
where 

In Figure 3 the steady elongational and steady shear 
viscosity for Butyl 035 at 100°C. are graphed as functions 
of the square root of the second invariant of the rate of 
strain tensor. The second invariant of the rate-of-strain 
tensor 11 is defined as 

is the complex shear viscosity. 

. .  
I I = y : y  (13) 

where y is the rate-of-strain tensor. For shear flow 
I I  = $/2 and for elongational flow I I  = 3$2/2. 

The two steady elongational viscosity data points 
marked with a vertical slash in Figure 3 were obtained by 
a short extrapolation of the two lower elongational stress 
growth curves shown in Figure 5. The values of the steady 
state elongational stress obtained by this procedure were 
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never more than 3.5% greater than the maximum value of 
the measured elongational stress. This extrapolation pro- 
cedure is based on the assumption that the elongational 
stress monotonically approaches a steady state value. Su - 
port for this assumption is given by Vinogradov, Radus R - 
kevich, and Fikhman's ( 5 )  data for a similar material 
which show that both the elongational stress and the re- 
coverable component of the elongational strain increase 
monotonically to steady state values. 

Elongational stress versus strain curves for Butyl 035 
at 100°C. are shown in Figures 4 and 5. Figure 6 shows 
the elongational stress versus strain curve for Natsyn 410 
at 80°C. At the elongation rates used in this research, the 
elongational stress growth data for Butyl 035 and Natsyn 
4 10 are fundamentally different. The elongational stress- 
strain data for Butyl 035 approach steady state values at 
large strains whereas for Natsyn 410 the data fall on an 
S-shaped curve. 

In Figures 4, 5, and 6 the data points at low strains on 
some of the curves were omitted because of irregularities 
in the elongation rate at the beginning of the experiment. 

Fig. 5. Elongational stress versus strain for Butyl 035 a t  100°C. 
(high elongation rates). Symbols represent elongation rates as indi- 
cated: A 2.48 x 10-2 s-l; 0 4.51 X 10-2 s-l; 0 1.35 x 10-1 
s- l .  Note that  the elongational stress is approaching steady state. 

N 5  - 1  E 

1 
2 OO $ t  

Fig. 6. Elongational stress versus strain for 
Natsyn 410 a t  80°C. Symbols represent elon- 
gation rates as indicated: 0 6.37 X 

elongational stress-strain curves are S-shaped. 

s-l. , 0 1.57 x lop3 s- l .  Note that  the 
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These irregularities were judged to have a negligible ef- 
fect on the steady state results. 

If the elongational stress in Figures 4 and 5 were plotted 
as a function of time instead of strain, one would observe 
that with increasing elongation rate the elongational stress 
would attain steady state within a shorter time interval. 
This experimental result contradicts the predictions for 
elongational stress growth given by the rigid dumbbell 
model (15). 

Additional details concerning these experimental results 
and elongational flow data for the isobutylene-isoprene 
copolymer at 80°C. have been given by Stevenson (13). 

The experimental data described in this section are in- 
cluded in the summary of elongational flow data in Table 
1. 
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N OTAT I0 N 

= capacitance connected across the ith amplifier 
= output voltage from the analog computer 
= relaxation modulus 
= initial voltage for the analog computer 
= acceleration due to gravity 
= y : y ,  second invariant of the rate-of-strain tensor 
= length of the monitored portion of the specimen 

= length of the monitored portion of the specimen 

= maximum strained length of monitored portion of 

= initial length of the monitored portion of the 

= pressure 
= radial coordinate 
= radius of monitored portion of specimen 
= resistance connected to the ith amplifier 
= initial radius of monitored portion of specimen 
= t - t ‘  
= interfacial tension 
= present time 
= past time 
= small time interval during which specimen is 

strained in instantaneous elongation experiment 
= axial coordinate 

at time t 

after recovery 

the specimen 

specimen 

Greek Letters + = shearrate 
y 

ye = elastic strain 
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= yZ (Vv + (Vv)  T), rate-of-strain tensor 
= total elongational strain - 

- 

= irrecoverable component of total elongational 
strain 
maximum total elongational strain 
recoverable component of total elongational strain 
elongation rate 
complex amplitude of 
flow, assumed small 
conventional strain 
steady shear viscosity 
complex shear viscosity 
zero-shear-rate shear viscosity 
elongational viscosity 
complex elongational viscosity 
real component of complex elongational viscosity 
imaginary component of complex elongational 
viscosity 
zero-elongation-rate elongational viscosity 
longest relaxation time for fluid 
p + T,.,., radial component of total stress 
p + 
axial component of total stress in a constant stress 
experiment 
complex amplitude of rXx in oscillatory elonga- 
tional flow 
density of specimen 
density of fluid surrounding the specimen 
radial component of stress 
axial component of stress 
relaxation function 
frequency 

in oscillatory elongational 

axial component of total stress 

Subscripts 

G 
R 
Superscripts 

+ 
- 

e 

= time dependent value during stress growth 
= time dependent value during stress relaxation 

= designates boundary condition evaluated on the 
fluid side of the specimen-fluid boundary 

= designates boundary condition evaluated on the 
specimen side of the specimen-fluid boundary 

= designates stress that can be applied experimen- 
tally 
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APPENDIX A. SOLUTION OF THE STRESS EQUATIONS 
OF MOTION FOR ELONGATIONAL FLOW 

In this appendix the stress equations of motion are solved 
to determine the stresses which are necessary to elongate a 
cylindrical specimen at a constant elongation rate. The analysis 
neglects end effects, but includes body forces and interfacial 
tension. It is an extension of work done previously by Coleman 
and Noll (16).  

The velocity profile is given by 

Equations ( A l )  are combined with the stress equations of 
motion (1 7 )  to give 

(443) 
ar r 4 

where p is the density of the specimen and g is the accelera- 
tion due to gravity. The direction of flow is opposite to the 
direction of gravitational acceleration. In steady elongational 
flow the irr - Tee term is zero for incompressible fluids in 
which the stress is determined by the strain history (16). 

Equations (A2) and ( A 3 )  are then integrated and the 
integration constants are evaluated by the requirement that 
at steady state the difference nZZ - nrr is a function of the 
elongation rate alone. This requirement follows from the basic 
assumption for incompressible simple fluids that the stress is 
determined by the local strain history which, in this case, is 
determined by the elongation rate (1, 16,18) .  

( T r r - T e e )  1 L p ,  
- P Y  J 

- - a - - Err - 

By this procedure we obtain 

The dependence on 
in the pressure term p of the total stress nrr. 

of the form 

in Equation (A5) has been included 

Equation (A5) shows that an external radial normal stress 

must be applied to the cylindrical boundary r = R in order 
to maintain elongation at a constant elongation rate. The 
unknown constant C in Equations (A4) and (A5) is evaluated 
for the boundary condition 

S 
R 

where S is the interfacial tension. With this boundary condi- 
tion, Equations (A4) and (AS) become 

X R - R -  = X R + R +  + - at r = R ( A 7 )  

where the terms in Equation (A8) represent the total stress 
and the gravitational, inertial, interfacial tension and visco- 
elastic contributions to the total stress, respectively. 

In an actual elongation experiment, the only z-dependent 
external radial normal stress that can be applied to the cylin- 
drical boundary is that due to hydrostatic pressure in the sur- 
rounding medium. This external radial normal stress is given 

X ~ R + R +  = -pf g Z  = S I ~ , ~  (A10) 

where pf is the density of the fluid surrounding the specimen. 
The maximum error AxRR resulting from the inability to ap- 

ply the proper external radial stress can be obtained by sub- 
tracting Equation (A10) from Equation (A9) evaluated at 
r = R and z = L ,  

by 

Error as a % 1.5% 10-10% - 2.1% 
of 3VoT ( A l l )  

The numbers printed under Equation ( A l l  ) indicate the error 
for each term as a percentage of the “viscous” elongational 
stress 31107 for the following conditions: qo = 107 poise, 7 = 
2 x 10-4 s-*,Tm = 1, S = 50 dynes/cm, Lo = 5 mm, Ro 
= 6.5 mm, and p - pf = 0.0675 g./cm3. From among condi- 
tions typical of the experiments with the isobutylene-isoprene 
copolymer, these conditions were chosen because they maui- 
mize the total absolute percentage error in the monitored por- 
tion of the specimen. 

The effect of drag caused by the motion of the specimen 
relative to the surrounding fluid can be neglected because 
the ratio of the viscosity of the fluid to that of the specimen 
is on the order of 10-9. 

For the elongational flow experiments described in this 
paper, the maximum error in the stress AXRR is small com- 
pared to the “viscous” elongational stress. The small magnitude 
of this error means that the stresses which can be applied 
experimentally are sufficient to stretch the specimen at an 
elongation rate that is very nearly constant along the length 
of the monitored portion of the specimen. 

APPENDIX B. INTERRELATIONS OF ELONGATIONAL FLOW 
MATERIAL FUNCTIONS BASED ON THE THEORY 
OF LINEAR VISCOELASTICITY 

Interrelations among material functions based on a simple 
constitutive equation should be a helpful guide for future ex- 
perimental work and a useful check on rheological models 
under certain limiting conditions. A number of such interrela- 
tions for shear flow have been given by Bird ( 19). In this 
appendix several analogous interrelations are derived for elon- 
gational flow. 

The constitutive equation obtained from the theory of linear 
viscoelasticity is ordinarily written ( 2 0 )  

5 = -2 f $ ( t  - t’) y ( t ’ )  dt’ (B1)  

where ‘F is the stress tensor, +( t - t’) is the relaxation func- 
tion and y ( t ‘ )  is the rate-of-strain tensor. 

As written above, Equation ( B l )  is not materially objec- 
tive (18) but if it is written in convected coordinates and 
then transformed to space coordinates, a materially objective 
form of Equation ( B l )  is obtained (1, 1 8 ) .  This procedure 
may be carried out using a contravarient rate-of-strain tensor 
in convected coordinates and a relaxation function given by 

For this case the material functions for steady elongational 
flow predicted by Equation ( B l )  approach the material func- 
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TABLE B1. SIJMMAHY OF ELONGATIONAL FLOW MATERIAL FUNCTIONS BASED ON m~ THEORY OF LISWR VISCOELASTICITY 

Type of 
experiment 

Stress 
relaxation 

Stress 
growth 

Recoverable 
strain 

Elastic 
strain 

Stress 
relaxation 
(inst. strain) 

Small 
amplitude 
oscillatory 
elongation 

Elongation rate 
Elongational stress 

”h -..h 
0 

0 

-Gb 

0 = 3 $ ( t )  = Er(t)  

f = Re @exp ( i w t ) }  

q - tq = - = 3 f $(t - t’) exp ( - iw(t  - t’)) dt’ 
-, .-,, -rQ* 

4 0  
where Re is the real operator 

tions predicted by the objective form of the constitutive equa- 
tion in tne limit as ( 1  - 2 FiL1) (1 -$ 72.1) * l or as c --* 0. 
Additional details of this calculation have been given by Ste- 
venson ( 1 3 ) .  

Interrelations among various measurable material functions 
for elongational flow are given in Table B1. In addition to 
the material functions presented in the body of this paper, 
Table B1 includes material functions for elongational stress 
relaxation and small amplitude oscillatory elongation. All of 
the functions in the last column in Table B l  can be shown to 
be equal to J,“ $(s) s ds/J,“ $(s) ds. 

As an example of the intermediate steps for the calculations 
summarized in Table B1, the results for the recoverable strain 
are worked out below. In a recoil experiment, the steady state 
elongation rate 7 is constant for - cc) < t < 0. At t = 0 the 
elongational stress n,, = ( trZ - Trr)  is instantly removed and 
the specimen recoils with elongation rate $ ( t )  for t > 0. The 
recoverable elongational strain is given by 

For this experiment Equation (B1 ) assumes the form 

t > 0 ,  n r r = O = - 3 S _ O y - t ’ )  G d t ’  

Function equal to 

- _ -  . -  - 
Y Y 

f“ Er( t )  t dt 
- 0  

- 3 i f  $ ( t -  t ’ )  + ( t ’ )  dt’ ( B 4 )  

or 

where s = t - t’. Equation (B5) is integrated from 0 to 3: 
over t and the order of integration is changed to give 

( B e )  

where the term in square brackets [ ] is - yr. Equation (B6) 
can be rearranged to 

- i* $(s)  s ds 

( B 7 )  
Y T  _ -  . -  

which is the result reported in the last column in Table B1 
for recoverable strain. 
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